Abstract. One often needs to estimate how fast an evolving state of a quantum system can depart from some target state. Quantum speed limits are bounds on the fidelity of the target state and the state evolving according to the Schrodinger equation. As a rule, target states are regarded to be independent on time, in which case various quantum speed limits are known. We prove a family of inequalities dealing with timedependent target states. Two particular cases are detailed. First, we explore the case when the target state is an instant eigenstate of a time-dependent Hamiltonian, and prove a sufficient adiabatic condition. Second, we compare two states evolving under two differ Hamiltonians and derive a bound on the Loschmidt echo.
Introduction
Consider a quantum system with a time-dependent Hamiltonian H t and a density matrix ρ t evolving under the Schrodinger equation
(here and in what follows dot stands for the time derivative). It is often of interest to asses the probability to find the state of the system in some "target" subspace L t of the full Hilbert space, which is described by a projector
This probability is given by
For a pure state ρ t = |ψ t ψ t | and a one-dimensional target subspace with Π t = |φ t φ t | the above probability fits a standard definition of quantum fidelity of two states, F t = | φ t |ψ t | 2 . We will refer to F t as fidelity also in a general case.
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Often F t is estimated for Π t = Π which actually does not depend on time. In particular, a popular object of study is Π = |ψ 0 ψ 0 |, in which case F t quantifies how far the dynamical state ψ t departs from the initial state ψ 0 in time t. A bunch of inequalities bounding F t from below (and, sometimes, also from above) are known as quantum speed limits (see Refs. [1, 2] for reviews). A rigorous formulation of the timeenergy uncertainty relation by Mandelstam and Tamm [3] can be viewed as the earliest quantum speed limit.
Here we derive several bounds on F t for a time-dependent Π t . In the next Section we focus on the case when L t is an instantaneous eigenspace of the Hamiltonian. In this case F t quantifies to what extent the evolution is adiabatic, and the derived bound on F t constitutes an adiabatic condition. In Section 3 we obtain a bound for an arbitrary dependence of L t on time. It contains the adiabatic condition as well as a quantum speed limit by Pfeifer [4, 1] as particular cases. In Section 4 we compare states evolving under two different Hamiltonians and prove a bound on the corresponding Loschmidt echo.
Adiabatic condition
Throughout the paper we employ the following conventions. We assume that all timedependent operators and vectors in the Hilbert space are continuous and differentiable. An operator norm of an operator A is denoted as ||A||. The Hamiltonian is an arbitrary self-adjoint operator. Occasionally we use bra-ket notations for vectors and projectors.
In the present section we assume that L t is an instantaneous invariant subspace of H t and Π t is the projector on this subspace,
We further assume that at t = 0 the state belongs to L 0 ,
Then the following lower bounds on the fidelity F t can be proven. Theorem 1.
where t * is the solution of the equation
In the case when the state of the system is pure, ρ t = |ψ t ψ t |, the subspace is one-dimensional, Π t = |φ t φ t | (φ t is an instantaneous eigenstate of the Hamiltonian), and initially the system is in this eigenstate, ψ 0 = φ 0 , a corollary follows.
Corollary.
Proof of Theorem 1. We start from an obvious equality valid for an arbitrary Π t :
As soon as Π t is a projector on instantaneous invariant subspace of the Hamiltonian, the first term of the above equation is zero:
Recall some well-known properties of Π t [5] . Differentiating the equality Π t = Π 2 t one obtainsΠ t =Π t Π t + Π tΠt , which implies Π tΠt Π t = 0 anḋ
This equation along with eq.(9) lead tȯ
This can be bounded from above as
where we use the Schwarz inequality | tr(
Next we employ a substitution
with g t ∈ [0,
] and g 0 = 0. This way we obtain
Then we integrate the latter inequality for times below t * to obtain
In view of eq. (14), this leads to the bound (6).
Proof of the Corollary.
To prove the Corollary we take a one-dimensional L t with Π t = P φt = |φ t φ t |. The Corollary follows from the equality
To prove the latter one introduces a normalised vector φ ⊥ t = (I − P φt )φ t / (I − P φt )φ t which is orthogonal to φ t , and expandsφ t :
It easy to see thaṫ
and, consequently,
Remark 1. Observe that while the eigenstate φ t is defined up to a time-dependent phase θ t , the bound (7) is invariant under the transformations φ t → e iθt φ t .
Remark 2. It should be emphasized that it is the continuity condition which singles out at any given t a specific φ t from the eigenspace L t .
Remark 3. One can prove [6] that
where ∆ t is the energy gap between φ t and the closest other eigenstate of H t . A similar but more tight bound can be obtained under additional assumptions [7] . Such bounds can be used in conjunction with the inequality (7) in cases when the direct calculation of Ṗ φt is not possible.
General quantum speed limit
In the present section we assume that L t is an arbitrary subspace of the Hilbert space which smoothly varies with time. The respective projector Π t can also be arbitrary, it need not commute with the Hamiltonian as in the previous Section. Furthermore, ρ 0 is arbitrary and need not belong to L 0 . Let us have another look at eq. (8) . The role of the special form of Π t as a spectral projector of Hamiltonian H t in the previous Section was to zero out the first term in the r.h.s. of eq. (8) . At the same time, this special form did not alter the estimates of the second term in eq. (8) . The first term was estimated by Pfeifer [4, 1] for the case of a time-independent target subspace. Here we combine the two estimates to get a general form of the quantum speed limit.
Following Ref. [1] , we define a function f (R, A) of two self-adjoint operators A = A † and R = R † which generalises the notion of quantum uncertainty. Assume R has the spectral decomposition R = n λ n P n with λ n and P n being eigenvalues and eigenprojectors, respectively. Then
When a density matrix ρ = ρ † 0, tr ρ = 1 is substituted in place of R, then f (ρ, A) bounds from below the quantum uncertainty of the observable A in the state ρ:
Importantly, for any self-adjoint positive R and any two self-adjoint operators A and B a generalized uncertainty relation holds [1] :
With the definition of f (R, A) at hand we formulate the generalized quantum speed limit.
Theorem 2.
where
t + is the single root of the equation
Proof of Theorem 2. According to Ref.
[1]
This is a direct consequence of the generalized uncertainty relation (24) and the Schrodinger equation for ρ t . Also from Ref. [1] we have the inequality
The first term in the r.h.s. of eq. (8) is estimated as described in the previous Section, with the result (cf. eq. (13))
Plugging inequalities (28) and (29) into eq. (8) we obtain
Analogously to the proof of Theorem 1, we introduce a substitution F t = cos 2 g t , g t ∈ [0, π/2], and obtain the inequality for g t :
This inequality leads to the estimates (25) and (26).
Remark. One can always find a (nonunique) unitary operator U t which generates the subspace L t from L 0 , i.e. Π t = U t E 0 U † t . If calculating U t is for some reason easier than Π t , one can use a bound
We prove this bound and elaborate upon it in the Appendix.
Comparing evolution under two different Hamiltonians
Here we consider a problem of comparing states of two quantum systems evolving under two different Hamiltonians. We are primary interested in pure states ψ 
t , respectively. We assume that initially the states coincide, ψ
can be interpreted as the Loschmidt echo which plays an important role in quantum chaos [8] . We assume that ψ
is not, so the direct evaluation of the Loschmidt echo is not possible. It can be estimated, however, due to following theorem. Theorem 3.
where t * is the single root of the equation
For any density operator the inequality 2 . Therefore
From (37) and (38) follows
t , H
(1)
t ) F t (1 − F t ).
This leads to
τ , H
where g 0 = arccos tr(ρ
and t ∈ [0, t * ], t * is the single root of the equation
τ ) + f (ρ (2) τ , H (2) τ ))dτ = π/2. This proves the Theorem. In addition, we obtain
where t ∈ [0, t * * ], t * * is the single root of the equation g 0 − t * * 0 (f (ρ (2) τ , H 
